Inverse conductivity problem on Riemann surfaces 
By Gennadi Henkin and Vincent Michel 

Abstract 

An electrical potential U ona bordered Riemann surface X with conductivity function 

"ob"' a > satisfies equation d{ad'^U) = 0. The problem of effective reconstruction of a from 

O . electrical currents measurements (Dirichlet-to-Neumann mapping) on the boundary: 

^ ! ^\bx *~^ '^'^'^^Ibx ^^ studied. We extend to the case of Riemann surfaces the reconstruction 

;_i I scheme given, firstly, by R.Novikov [Nl] for simply connected X. We apply for this new 

^^1 kernels for B on the affine algebraic Riemann surfaces constructed in [H2]. 

.^ ■ 0. Introduction 

CN . 0.1. Inverse conductivity problem. 

,— i! Let X be bordered oriented real two-dimensional manifold in M equiped with a 

^ I smooth symmetric and positive tensor a : T* X ^ T* X on cotangent bundle T*A, called 

"*^ I anisotropic conductivity tensor on A, a is called symmetric and positive if aa Ab = ab Aa 

^ • and aa A a > for any a,b & T*X. 

^ • Let u (correspondingly U) be a smooth function on bX (correspondingly on A) such 

C . that U\^^ = w, called electric potential on bX and correspondingly on A. 1-form adU on 

I A is called electrical current on A. By Maxwell equation 

tS ■ d{adU) = on A. 

in : 

o\ ■ 

ff^ ■ Inverse conductivity problem consists in this case in the following: what kind of information 

t:;}^ ■ about A and a can be efficiently extracted from the knowledge of Dirichlet-to-Neumann 

O I mapping 

O: u\^^^^adU\^^^y ueC^^\bX). 

• 1— I ! This important problem in the mathematical setting goes back to the inverse boundary 

rS I values problems posed by I.M.Gelfand [G] and by AR.Calderon [C]. 

c^ I This real problem is deeply related with complex analysis on Riemann surfaces. The 

first indication to this relation gives the following statement, obtaind at first by J.Sylvester 
[S] for simply connected A. 

Under conditions above V couple (A, a) there exist a unique complex structure c 
on A and smooth scalar valued, positive conductivity function a such that the equation 
d{adU) = takes the form d{ad^U) = 0, where d'^ = i{d — 9), a'^{x) = deta{x), x E X. 

This statement permits to reduce the inverse conductivity problem to the questions 
about reconstruction from Dirichlet-to-Neumann mapping of the genus of A , of the com- 
plex structure of A and of the scalar conductivity function cr on A. 

These questions are well answered for the important case when A is a domain in R , 
due to the sequence of works: [Fl], [F2], [BCl], [SU], [N3], [Nl], [ON], [BC2], [N2], [Na]. 

The exact reconstruction scheme for this case was discovered by R.Novikov [Nl]. 

Formulated questions are well answered also for the case when conductivity function 
a is known to be constant on A, i.e. when only Riemann surface A must be reconstructed 
from Dirichlet-to-Neumann data [LU], [Be], [HM]. 
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In this paper we study another important case of this problem, when bordered two- 
dimensional manifold X and complex structure on X are known, but conductivity function 
a on X must be reconstructed from Dirichlet-to-Neumann data. 

0.2. Main results. 

We extend here the R.Novikov's reconstruction scheme for the case of bordered Rie- 
mann surfaces. Our method (announced firstly in [HI]) is based on the appropriate new 
kernels for d on the affine algebraic Riemann surfaces constructed in [H2]. 

By this reason we use some special embedding of X into C . 

Let X be compactification of X such that X = X U Xq be compact Riemann surface of 
genus g. Let A = {Ai, . . . , Ad} be divisor, generic, effective with support in Xq, consisting 
of d = g + 2 points. 

By Riemann- Roch formula there exist three independent functions /o, /i, /2 £ A^(X)n 
0{X\A) having at most simple poles in the points of A. Without restriction of generality 
one can put /o = const. Let V be algebraic curve in C of the form 

V = {{zi, Z2) eC": z^ = /i(x), Z2 = /2(x), X e X\A}. 

Let V be compactification of V in CP^ of the form V = {w E CP^ : P{w) = 0}, where P 
is homogeneous holomorphic polynomial of homogeneous coordinates w = {wq : wi : W2). 
Without loss of generality one can suppose: functions /i, /2 are such that 
i) V intersects CP^ = {w E CP^ : Wq = 0} transversally V fl CP^ = {ai,...,ad}, 
where points aj = (0, 1, lim |4fy) , J = 1, 2, . . . , (i are different points of CP^. 



^A 



J 



V = V\CP^ is connected curve in C with equation V = {z E C : P{z) = 0}, where 
P{z) = P{l,zi,Z2) such that |g-| < const{V)\§^\, if \zi\ > ro = const{V). 



iii) For any z* E V, where ^{z*) = we have jr^{z*) 7^ 0. 



22 ^ ' dz 

With certain restriction of generality we suppose, in addition, that 
iv) curve F is a regular curve, i.e. gradP{z) j^ W z E V. This restriction must be 
eliminated in other publication. 

Let us equip V by euclidean volume form (i(i'^|2p|^. 

Let ip y^ f = Rip be operator for solution of df = ip on V 
from [H2], Proposition 2, f \-^ u = R\f be operator for solution of {d -\- \dzi)u = f — Tif 
on V , where Tif is projection of / on subspace of holomorphic (l,0)-forms on V from [H2], 
Proposition 3, y: G Lf^^ H L\i{V), f E W^^^iV), u E W^^^iV), p > 2. 

Let gx[z, ^), 2, ^ G F, A G C be kernel of operator R\ o R from [H2]. 

Let Vx = {{zi,Z2) eV : zi = fi{x), Z2 = f2{x), x E X}. 

Let o" be conductivity function on V with conditions a E C^^\V), a > on V, 
a{z{x)) = a{x), X E X, a = const on V\Vx. 

Function 'i/j{z,X), z E V, X E C will be called Faddeev type function on F x C if 

dd'^i; = ^^^V on V and VA G C e-^^i/'(^, A) =^ fi{z, A) ^ 1, ^ ^ 00, \d^\ = O(^), 
zeV. '^ 

Theorem Under formulated conditions 
L There exists unique Faddeev type function 'i/j{z, X), z E V, X E C 



II. Function t/j and as a conseqence conductivity function a can be reconstructed through 

Dirichlet-to-Neumann data by the following procedure. 

II a- From Dirichlet-to-Neumann data on bX by Proposition 3.1 (section 3) one can 
find restriction ip\f^y of the Faddeev type function -0(2, A), ^ G F, A G C as a unique 
solution of the Fredholm integral equation 

iebVx 

where ^^Jj = ^i/'l^^^, $oV' = ^V'o^^^, dd^iJo\v^ = 0, ^o|;,^^ =^\bVx- 

Ilh- Using values of 'iIj{z,X) in arbitrary point z* G bVx by Proposition 2.2 (section 
2) one can find "d scattering data": 

6(A) 1i^ ;im f e-^^-^|^(.,A) = (^(.*, A))-i^(.*, A), .* G 616. 
^^-|~ A a^i dX 

with estimate (2.12). 

//c. Using 6(A), A G C by Proposition 2.3 (section 2) one can find values of 

^(^,A)|^^=V'(^,A)e-^^i|^^, AgC 

as a unique solution of Fredholm integral equation 

1 f .r.^Jz.-^z.^-^dC^d^ 



Kz,X) = 1 - J- / 6(0e^"^"^-«^>(^,a- 
2m J 



From equality liii'^'i/' = — -^^ip on X we find finally — -^^ on X. 

Remarks 

For the case V = C the reconstraction scheme I-II for potential q in the Schrodinger 
equation —AU + qU = EU on X C V^ through the Dirichlet-to-Neumann data on bX was 
given for the first time by R.Novikov [Nl]. However, in [Nl] this scheme was rigorously 
justified only for the case when estimates of the type (2.12) are available, for example, if 
for E 7^ \\q\\ < const (E). By the additional result of A.Nachman [Na] the estimates of 
the type (2.12) are vaUd also if £: = and q = ^, a > 0, a G C(2)(X). 

Part Ila in the present paper is completely similar to the related result of [Nl] for 
V ^C. 

Part lib of this scheme for 1/ = C is a consequence of works R.Beals, R.Coifman 
[BCl], P.Grinevich, S.Novikov [GN] and R.Novikov [N2]. 

Part lie of this scheme follows from part lib and the classical result of I. Vekua [V] . 

§1. Faddeev type function on afRne algebraic Riemann surface. 

Uniqueness and existence 



Let V be smooth algebraic curve in C defined in introduction, equiped by euclidean 
volume form (i(i'^|2:p|^. 

Let Vq = {z E V : |-2i| < tq}, where tq satisfies condition ii) of introduction. 

Definition 

Let q be (l,l)-form in Ci^iiV) with support of g in Vq. For A G C function z \-^ i^{z^ A), 
z E V will be called here the Faddeev type function associated with form (potential) q on 
V (and zero level of energy E) if 

-rfrf^V + # = o, zeV (1.1) 

and function /i = e~^^^ijj satisfies the properties: 

// G C(y), ^Inn n{z, A) = 1 and \dij\ = 0{- —X z E V. 

""^y 1 + \Z\ 

From [Fl], [F2], [N2] it follows that in the case V = C = {z e C^ : -22 = 0}, for almost all 
A G C the Faddeev type function ip = e^^^/x exists, unique and satisfies the Faddeev type 
integral equation 



lj{z,X) = l + - / ^(2-^,A)^(^,A)q(0 where 
9{z,X) 






2(27r)2 J w{w-iX) 



we^ 



is so called the Faddeev-Green function for operator n 1— > d{d + Xdzi)fx on V = C 

Faddeev type functions z \-^ 'iIj{z, A) are especially useful for solutions of inverse scat- 
tering or inverse boundary problems for equation (1.1) when such functions exist and 
unique for any A G C It was remarked by P.Grinevich and S.Novikov [GN] (see also [T]) 
that for some continuous q with compact support in C even with arbitrary small norm 
there exists the subset of exceptional A* for which the Faddeev type integral equation is 
not uniquely solvable. 

From R.Novikov's works [Nl], [N2] it follows that the Faddeev type functions as- 
sociated with potential q on V = C and non-zero level of energy E exist VA G C if 
\\q\\ < const{\E\). 

From R.Beals, R.Coifman works [BC2] develloped by A.Nachman [Na] and R.Brown, 
G.Uhlmann [BU] it follows that for any potential q of the form q = — 7^7 where a G 

C^(C), a{z) = const if 1^1 > const, Faddeev type function z 1— > V(-2, A) exists and unique 
for any A G C. 

Proposition 1.1 below gives the uniqueness of the Faddeev type function on affine 
algebraic Riemann surface V for potential q = — -7=—, where a G C'^{V), a = const on 

V\Vx C V^\Vo. The proof will be based on the approach going back to [BC2] in the case 
V = C. 



Proposition 1.1 (Uniqueness) 

Let a be positive function belonging to C^"^' {V) such that a = const > on 

V\VxCV\Vo = U'^^,V,, 

where {Vj} are connected components of V\Vo. 

Let n G L^{V) such that ^j- G Lp{V) for some p > 2 and fi satisfies equation 

d{d + Xdzi)/j = -qiJ where q = ■= — (1-2) 

2 ^/a 

and for some j G {1, 2, . . . , d} fx{z) ^ 0, ^ ^ oo, ^ G Vj-. 
Then fi = 0. 

Remark 

Proposition 1 is still valid if to replace the condition ^-^ G L^(y), p > 2 by the weaker 
condition dn G Lp{V). 

Lemma 1.1 

Put / = e'^^^/U, /i = Vo'-g^i /2 = \f^'Q^i where \i satisfies conditions of 
Proposition 1.1. Then 

diad^f) = on y and (1.3) 

where qi = - ^%lf^ ■ Besides, qi G Lp{Vo) V p < 2, qi = on V\Vo. 

Proof 

The property gi| , = follows from the property a = const on V\Vo. Put 

V,^ = {zeVo: ±||£| > ±|f^|}. Put q, = ^^. Then q^\^, G C(^HV+) and 

QiL,- G C*^^^(Vjr). The identity Qil,.- = (^ ) Q'l and property iii) imply that 

Qi G LP(Vo) Vp < 2. Equation (1.3) for / is equivalent to the equation (1.2) for // = e~^^^ f. 
Equation (1.3) for / means that 

dFi + (a In v^) A F2 = and dF2 + {d In v^^) A Fi = 0, (1.5) 

where Fi = ^ -df and F^ = \fo -df . Using z\ as a local coordinate on V we obtain from 
(1.5) the system (1.4), where f\ = dzi\Fi and /2 = dzi\F2. 

Lemma 1.2 

Put nil = e~^^i/i and 7712 = £"'^^1/2, where /i, /2 are defined in Lemma 4.1. Then 
system (1.3) is equivalent to system 

dmi dm2 , , _ ., „^ 

-w— = Qim2, -^ \-Xm2 = qimi. (1.6) 

OZi OZi 

5 



Besides 



mi = y/a(Xix + - — ) and m2 = v^tt— • (1-7) 

^ ozi ' dz\ 

Proof 

Putting in (1.4) /i = e^^^mi and /2 = e'^^^m2, we obtain 

de^^^mi xz, drrii , 

— -z = qie ^1712 <^==^ -t:— = qim2 and 

02:1 OZi 

9e-^^im2 _ \,, dm2 , , 

— =q^e imi ^=^ — h Xz2 = Qimi. 

OZi OZi 

Besides 



-'; 



where mi = ^/a{\^ + ^j-) and 






/2 = v^^ = v^e^-(|^)=e^-m2, 



where m2 = \f^^- 



Lemma 1.3 

Put u± = mi ± e~^^^^^^^7fi2. Then system (1.4) is equivalent to the system 



dzi 



±Qie-'^"^+'^"iw±. 



Proof 

From definition of u±, using Lemma 1.2, we obtain 

^ = ^±e-^-+^-(Am2 -Am2 + ?imi) = 

Qim2 ± Qie-^^i+^^imi = ±^16-^^^+^^^ (mi ± e^^i-^^im2) = 

Proof of Proposition 1.1 

Let -Ui = mi ± e~'^^^^^^^fh2- We will prove that under conditions of Proposition 1.1 
VA 7^ tt± = together with mi and m2- 

From equality qi = '^Qz ^'^d Lemma 1.3 we obtain that 

du± = ±qie-^'^^~^~'^u±dzi e Ll^^iV) H LJ,i(F), p>2. (1.8) 

From (1.6), (1.7) we obtain that mi G Lp{V) ® L°°(y) and ^ G LP(y), Vp > 1. 

6 



From (1.6), properties ^ G L^{V), ^ G Lp{V), ^{z) ^0, z eVj, z ^oo and 
from [H2] Corollary 1.1 we deduce that there exists 

(J II 

lim rriiiz) = lim \/a(Xu+ — — ) = lim \/aXu(z) = 0. (1-9) 

zev zev ^^1 zev 

From (1.8), (1.9) and generalized Liouville theorem from Rodin [R], Theorem 7.1, it follows 
that u± = 0. 

It means, in particular, that ^j- — 0, which together with (1.9) imply n — 0. Propo- 
sition 1.1 is proved. 

Proposition 1.2 (Existence) 

Let conductivity a on V satisfies conditions of Proposition 1.1. Then VA G C there 
exists the Faddeev type function t/j = (Ue^^ on V associated with potential q = — /^, i.e. 



v^ 



a)d{d + Xdz^)^=U^, where , ^^^^ 



b) fi-le W^'P{V) n C{V) Vp > 2, 



^ - 1 e C^°^\V\Vo) and ^-1 = 0{-^), zeV\Vo. 

1-^1 1 

Moreover, Vp > 2 



c) ll/U- 1||lp(v) < const(y", (J, p){min(— ==,-—)}, 

\\-k—\\lp{V) < const(y, (J, p){min(A/|A[,l)}, Vp > 2, 

rf) VA 3 c G C such that & - c) e W^'P(V), 

oX 

e) under additional assumption a G C^^^V) 
|||j^||^.(^)<con.t(y,a).AV(i+i/p). 

Proposition 1.2 will be proved by approach going back to L. Faddeev [Fl], [F2] and for 
the case V = C develloped in [Nl], [N2], [Na]. 

Proof 

Put Gx = Rx o i?, where R is operator, defined by formula (2.4) from Proposition 2 of 
[H2], and Rx operator, defined by formula (3.1) from Proposition 3 of [H2]. Let function 
fx{z, A) be such that VA, fx G W^'^{V) © const with respect to z E V. Then VA 7^ we 
have properties qfx G CiV), qn = on V\Vo, which imply, in particular, that mapping 
/U H-» Q/U is compact operator from W^'^{V) © const to Lp{V) fl C{V). By Lemmas 2.1, 
2.2 and Proposition 2 from [H2] we have Rq^ G W^'P{V). Proposition 3 ii) implies that 



R\ o R{qn) G W^'^{V). Hence, mapping n \-^ n — R\ o R^qfx is a Fredholm operator on 
W^'^{V)(B const. By Proposition 1.1 the operator I — R\o R{^q-) is invertible. Then there 
is unique function n such that (/U — 1) G W^'^iV), Wp > 2 and 

ti = l + RxoRC-q^). (1.10) 

Let us check now statement a) of Proposition 1.2. From (1.10) and Proposition 3i) from 
[H2] we obtain 



{d + Xdzi)^ = Xdzi + {d + \dzi)R\ o R{-qii) 
Xdzi +n{R{^q^)) + R{^q^). 



(1.11) 



From (1.11) and Proposition 2 of [H2] we obtain 



— t — '- % % 

d{d + Xdzi)iJ. = -q/j. + d{\dzi + H{R{-qn)) = -q/J., 

where we have used that T-C{R{^qn)) G Hi^q{V). 

Property a) is proved. 

For proving of properties b) , c) it is sufficient to remark that by Proposition 3ii) and 
3iii) from [H2] we have property c) and 

11(1 + \zi\){ij- I)IIl^(v) < const{V,a 



To prove property d) let us differentiate (1.10) with respect to A. We obtain 
^-Rxo [rC^q^)) = -zi {Rx o [RC-q^i))) - Rx{ilR{\qi^)) = 

Zi{fi-l)-Rx{CiRC-qf^)). 
From Proposition 2 of [H2] we deduce that 

CiRi^qfi) e Wl^^{V) © {const)dzi. 
From Proposition 3ii) of [H2] and Remark 1 to it we obtain 

Rxi^iRC^q^)) G Wl;^{V)(B const. 
From Proposition 1.2 b) we deduce also 

ziii^-l) eW^'P{V)® const. 



Hence, 

dX 

Property e) follows (under condition a G C^^\V)) from Proposition 3iv) of [H2]. 

§2. Equation M|^ = b{X)e~^^^-^'^fi{z, A), A G C 

For further results it is important to obtain asymptotic development of -q^{z^ A) for 



-t = [l-R^o kC-q-)) ' [zii^i - 1) - Rxi^iRilq^^)) e W''P{V) © (const). 



Z\ -^ oo. 



Proposition 2.1 

Let conductivity function a on 1/ satisfy the conditions of Proposition 1.1. Let function 
V'(-2, A) = \x{z^ X)e^^ be the Faddeev type function on V associated with potential 
q = — -X^. Then VA G C function gf' ' has the following asymptotic for zi — > oo: 

^ a^J^. " ^1 ^^^ -z\ ' ^ ^ 



where \Bx,j{\)\ = 0(min(l, ^|A|)), j = 1, 2, . . . , rf and 
under additional condition a G C'^^^(y) we have 



gA.,-A.-,^l _,i?i,, , ^ Ai?fe,,(A)-(fc-l)i?fc-i,,(A) 



dz\ '^J z\ 






fc=2 ^1 



where |Si,j-(A)| = 0(min(v^, |A|-i/(i+p))), j = 1, 2, . . . , d Vp > 2. 

For proving of Proposition 2.1 we need the following decomposition statement for the 
Faddeev type function \x = 'ilje~''^^ on V\Vo. 

Lemma 2.1 

i) Let n be function on V\Vo, which satisfies equation 

d{d + Xdzi)^ = on V\Vo (2.3) 

and the property 

Then 

fc=l -'^ 



oo 



4|f g-Azi+Azi^ _ ^orT>\ T/„V rI - ^^ R. . Jl 

ki| > ro, j = l,2,...,(i. 



(2.4) 



fc=i -'^ 



ii) Let 



M\ =l + y^ and Nl, ^i + V^^ 

fc=l ^1 fc=l ^1 

be formal series with coefficients ak,j and hk,j determined by relations 

^0'k,j — {k — l)afc_ij = Afcj; 

A6fc,j -{k- l)hk-i,j = Bkj; j = 1, 2 . . . , rf; /c = 1, 2, . . . 

Then function // has asymptotic decomposition 

//L. =ML. +e^""i-^"iiVL. , zi^oo, i.e. (2.5) 

I Vj I Vj I Vj 



IjL =MJ^ +e~^''-^''NJ^ +o{-——), where 



M I =1 + v^^ iV I = v^ 

fc=l ^1 fc=l ^1 



J 



iii) Moreover, for any A e 0{V\Vo), A{z) ^ A, 2 ^ oo, there exist B e 0{V\Vo), 
B{z) ^ 0, 2 ^ cx), and ^i such that n satisfies (2.3), (2.4) and {ji-l) e W^'P{V\Vq). 

Proof 
i) From equation (2.3) it follows that 

It means that d{e^^^ ^{Zj A)) = e^^^dfj, is antiholomorphic form on y\Vo and 
(9/U + Xfxdzi) is holomorphic form on V\Vo. From this, condition 9/i G Lq i(V^\Vb) and 
the Cauchy theorem it follows that 

-- °^ B 

fc=l ^1 

and (9// + XiJ,dzi)\y = Adzi\y = (A + Y^ — ■j^^dzi\y . 



k=i ^ 



1 



ii) From (2.4), (2.5) we obtain, at first, that 

1^1 1 

and then 

^i = M, + e^'^-^'^N, + 0{-^). (2.6) 

1^1 1 
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iii) Let 



Ak,j 



^lv,=^+E^^^'(n^o 



Proposition 3 iii) from [H2], applied to (1,0) forms on the complex plan with coordinate 
zi, gives that VA 7^ there exists fi e W^'P{V\Vo) © 1 such that A = -§^ + X^. Put 

B = e^^i-^^i^. Then B G Lp{V\Vo) and 

i.e. B e 0{V\Vo). By construction fx satisfies (2.3), (2.4) and (/U - 1) G W^^p. 

Lemma 2.2 

Functions M^, and A^,^ from decomposition (2.6) have the following properties: 

V z G V\Vo 3 Hm (^ + AM,) 1i' ^ + AM and 
3 1to(fX. + AiV„)S|^ + AiV. 

i/^oo y^i ^ OZi 

dM , X A^ .^^ dN 



Functions |ff- + AM and |f^ + AA^ belongs to to 0{V\Vo) and 

|^=e^--^-(^ + AiV), (2.7) 

OZi OZi 

^ + A;u = ^— + AM, 2.8 

OZi OZi 

dN 

7— + AA^ ^ 0, if 21 ^ 00. 

OZi 

Proof 

Let us show that (2.4) implies (2.7) and (2.8). Indeed, 

-^ = lim (Ae^^"i-^^iiV, +e^^"i-^^i^) = e^~'^-^'^ lim (^ + AiVJ = 

e^--^-(|^+AiV), 

^+X^= lim ( ^^ - Ae^^'i-^^iiV, + AM, + Ae^^i-^^^iV, ) = 

Um — ^ + AM,) = T^ + AM. 

i/^oo^ OZi ' OZx 

Properties (2.6), (2.7), (2.8), d\x G tF^^iy^ and Riemann extension theorem imply that 

If^ + AM and If^ + AA^ belongs to C(y\yo) and |f^ + AA^ ^ 0, if ^i ^ 00. 
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Corollary 

In conditions of Lemmas 2.1, 2.2 we have convergence Mj^ -^ M and N^, ^ N, u ^ cxd, 
in general, only in the space of formal series, in spite of that convergence 
^ + XM^ -^ ^ + XM and^ + XN^^ §^ + XN take place in the space 0{V\Vo). 

Simple example 

CXD 

Put Vo = {zeV : \zi\ < 1}, A = 1, A = A+ ^ ^ with Afc = 1, /c = 1,2, . . . 

k=i ^1 

By Lemma 2.1 there exists fi = M + ^^^i-^^i j\f^ which satisfies (2.3), (2.4), where 

CXD 

M = 1 + Yl T" with ttk determined by relations at — {k — l)ak-i = Afc = 1; /c = 1, 2, . . .. 

k=i ^1 

It gives ttfc = (/c — l)!(l + ^ + . . . + T^t^jTr)- We have |afc|"'^/'^ ^ oo, /c ^ oo, i.e. radius of 
convergence of serie for M is equal to zero, in spite of that |Afcp '^ = 1, /c = 1, 2, . . .. 

Proof of Proposition 2. 1 

Estimate for ^j- from Proposition 1.2 c) and the Cauchy theorem applied to antiholo- 

morphic function e^^i~'^^^gj- implies development (2.1) and estimate 

|Si,,(A)|=0(min(l,v^)). (2.9) 

Estimate for -rp^ from Proposition 1.2 e) and the Cauchy theorem for antiholomorphic in 



zi function e^^^ ^^^'d^\v ™ply development (2.2) and estimate 

|Si,,(A)| = 0(min(v^, \X\-^/^^+^^)). (2.10) 

Proposition 2.1 is proved. 

The next proposition gives 9-equation on Faddeev function ijl{z, A) with respect to 
parameter A G C. For the case V = C this proposition goes back to Beals, Coifmann 
[BCl], Grinevich, S.Novikov [GN] and R.Novikov [N2]. 

Proposition 2.2 

Let conductivity function a oivV satisfy the conditions of Proposition 1.1. Let function 
V'(-2, A) = /u(z, A)e^^ be the Faddeev type function on V constructed in Proposition 1.2 and 

I 7C J — 

associated with potential q = — ^^. Then Wz G V the following 9-equation with respect 
to A G C takes place 

^ = 6(A)e^--i-^^i^, (2.11) 



where 



biX)''^' lim ^e^--^^-^|^, 
"^^ A dzi 



Z — >CXD 

zev 



\b{X)\<const{V,a){mm{^=,-^)} if a e C^^\V) and (2.12) 

lAI A 



\b{X)\<const{V,a,p){mm{^=,{—Y^^^^)} if a e C^^^V), "ip > 2. 

V|A| \X\ 



12 



Remark 

The proof below is a generalization of the R.Novikov proof [N2] of the corresponding 
statement for the case V = C 

Proof 

Equation dd'^ip = qip for the Faddeev type function ip = n ■ e^^ is equivalent to the 
equation d{d + Xdzi)n = ^qfx. Put ^|Jx = d'lp/dX and //a = dfx/dX. By Proposition 1.2 d) 
VA G C function fx\ belongs to W'^'P{V) © const{X). Besides, from equation dd'^ifj = qi/j it 
follows the equation 

dd^ifjx = qi/jx on V. 

From Lemmas 2.1, 2.2, Proposition 2.1 and Proposition 1.2 b),c) we obtain 



1^1 =e^^--^-^i:^ + 0(J^) and 

OZi '^J Zi Kll 



(2.13) 



dzi 
From (2.4)-(2.6) and (2.13) we deduce that 

^ = 1 + ^^ + e^--^-M:^ + O(^), (2.14) 

Zi Z\ \z\Y 

where Xbj{X) = Bi^j, Xaj{X) = Ai^j, j = l,2,...,d. (2.15) 

From (2.14) with help of Proposition 1.2 d) we obtain 

^ = e^-> = e^^^ (1 + ^^ + e^---^-iM:^ + 0(^)), 

Zi Z\ \z\Y 

and V'A = |Y = e^''(^^W+^(A))' ^^^i- 
aA pi I 

Put \i\ — e~^^^il)\. We obtain d{d + Xdz\)\i\ = q^x and 

1^1 1 

Proposition 1.1 about uniqueness of the Faddeev type function implies equality (2.11), 
where 

b{X)''^'h{X) = ... = ba{X). (2.16) 

We have also equalities 

Si,i(A) = ... = Si,d(A). 

Put 

S(A)1^'Si,i(A)-... = Si,rf(A). 

Estimates (2.12) follow from equalities (2.15), (2.16) and inequalities (2.9), (2.10). 
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Proposition 2.3 

Let, under conditions of Proposition 2.2, conductivity function a E C^^'{V). Then 
W z E V function A h-» fx{z, A), A G C,is a unique solution of the following integral equation 

^^iz: ^) = 1 - ^ / me^'^-^^'W^Oj^: (2.17) 

where function A i-^ 6(A) from (2.11) belongs to L^(C) V q G (4/3,4). 

Proof 

Estimates (2.12) imply that V g G (4/3,4) function 6(A) from Proposition 2.2 belongs 
to L'^(C). By the classical Vekua result [Ve] with such functions 6(A) the equation (2.17) 
is the uniquely solvable Fredholm integral equation in the space C(C). 

§3. Reconstruction of Faddeev type function t(; and of conductivity a on X 
through Dirichlet to Neumann data on bX 

Let X be domain with smooth (de class C*^^-*) boundary on V such that X ^Vq. Let 
a G C(3)(y), a > on y and a = const on V\X. Let q = ^^^, then q G c[]l{X) and 
suppq C X. 

Definition (Dirichlet-Neumann operator) 

Let u G C(^)(6X) and U G W^'PiX), p > 2 be solution of the Dirichlet problem 
dad'^U\^ = 0, t/|^^ = -u, where d'^ = i{d — d). Operator ^1^^ ^ ad'^U\^^ is called usually 

by Dirichlet to Neumann operator. Put t/j = y/all and t/j = ^Jau. Then 



A AC rz 
dd^^ = l!!l^^ = q^ on X. (3.1) 



Operator ^L^ *-^ ^"^Ihx ^^^^ ^^ called here by Dirichlet-Neumann operator. The data 

contained in operator u\^^ ^ ad'^U\^^ and in -i/^l^^ -^ ^'^\bx ^^^ equivalent, but for our 

further statements operator V'Lv ~* ^^Lx ^^ i^ore convenient. 
Let t/^o be solution of Dirichlet problem 

<i<i''Vo = 0, i^olhx ^ ^\bx- 
Put 

^ij = di^\^^ and $oV' = ^^o|;,;^, (3.2) 

where operator ip\,y- — * $o^ is Dirichlet-Neumann operator for equation (3.1) with poten- 
tial q = 0. 

Proposition 3.1 (Reconstruction of 'i/'L;!^' through Dirichlet-Neumann data) 

Let ip = fi{z, A) ■ e^^i be the Faddeev function associated with potential q = — -X^. 



Then VA G C\{0} the restriction ip\f^^ of -(/; on bX is a unique solution in C{bX) of the 
Fredholm integral equation: 

^{z,X)i^ = e^^^- [ e^(^^-^^)<7A(^,0-W(0-^oV'(0), (3-3) 
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IbX 

^ebx 



where g\{Zj ^) - kernel of operator R\ o ij, 



webx 

$(^,w), $0(^7 w') are kernels of operators $ and $o- 

i?emarA; 

This proposition for the case V = C coincide with the second part of Theorem 1 from 

[Nl]. 

Lemma 3.1 ( Green- Riemann formula) 

y f,g G C^^\X) we have equality 

gAddf- J fAddg = J gAdf + J fAdg. 

X X bX bX 

Proof 

X X X X 

gAdf- jdgAdf + j fAdg- jdfAdg = 

bX X bX X 

gAdf + j fAdg. 

bX bX 

Lemma 3.2 

Let ifj = e^^^ fx be the Faddeev function associated with q G Ci^i{V), suppq C X. Let 
G\{z, ^) = e^^^^~^^^gx{z, A), where gx{z, ^) - kernel of operator R\ o R. Then 
W z E V\X we have equality 

V(^,A)-e^^^- J Gx{z,Od^{0- J ^{OdGx{z,0- (3-4) 

iebx iebx 



Proof 

From definition of the Faddeev function i/j = e^^^ fx we have 



^(z^X) = e^--+GxC-qiP) on V, (3.5) 



where Gx - operator with kernel Gx{Zj ^) and dd'^ifj = qij^. Besides, 

j Gx(^qi^) = - j Gxddi;. 



X X 
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Using the Green- Riemann formula from Lemma 3.1 we have 

GxddiP= j ipddGx+ I Gxd^+ j tpdGx- 

X X bX bX 

For z G V\X we have ddOx — 0. Hence, 

- j Gx{^q^)= j Gxdij + j ijdGx. (3.6) 

X bX bX 

From (3.5) and (3.6) we obtain (3.4). 

Proof of Proposition 3. 1 

Let '00 : dd^ = and 'i/'oLv- = '*/'• Then by Lemma 3.1 \/ z E V\X we have 

j %dGx + j Gxd% = Q. (3.7) 

bX bX 

Combining this relation with (3.4) we obtain 

^{z, A) = e^^^ - j Gx{z, 0(9^(0 - dMO)- (3-8) 

bX 

Equality (3.8) implies (3.3), where ^i/j, ^qi/j are defined by (3.2). Integral equation (3.3) 
is the Fredholm equation in L°°(6X), because operator ($ — $o) is a compact operator in 
L°°{bX). For the case V = C Proposition 1 of [Nl], contains explicit inequality: 

|$(^,«;)-$o(^,w)| |rfrf^v^| 

hm — — < [const)] ^^ (zw). (3.9) 

w^^ \m\t, — w\\ ' wa ' 

w,^ebx 

Because of its local nature, equality (3.9) is valid for our more general case. 

Existence of the Faddeev function VA 7^ 0, proved in Proposition 1.2, implies existence 
of solution of equation (3.3). The uniqueness of solution of equation (3.3) we deduce (as 
in proof of Proposition 2 in [Nl]) from the following statement. 

Lemma 3.3 

Let q G Ci^i{V), suppq C X . Then each solution ^/; — "if^^z^ A) of equation dd^'^ = qifj 
on V which coincides on bX with solution of integral equation (3.3) in space C{bX) is the 
Faddeev type function associated with q. 

Proof 

Let ip satisfy dd'^ip = qip on V, "^l^x ^ C{bX) and V'l^x satisfy integral equation 
(3.3)=(3.8). From (3.8) with help of (3.7) we obtain formula (3.4) for ^(2, A), z G V\X , 
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A G C. From the Sohotsky-Plemelj jump formula we deduce (see [HM], Lemma 15) that 

y z* ebx 

ij{z*) = hm^ ( [ Gxdil) + il)dGx) - Im ( I GxdtP + i)dGx) ■ (3.10) 

Z — >Z* J Z — >2* J 

From (3.4) and (3.10) we obtain equahty 

e^^i = fGxdij + ijdGx for z e X, X e C. (3.11) 

bX 

Using the Green-Riemann formula (Lemma 3.1) we obtain further 



Gxdi; + tjjdGx = / i^ddGx - / Gxdd^ = 

hX XX 

iP{z) - J GxddiP, ii zeX, A G C (3-12) 

X 

- J Gxddtl;, if ze V\X, A G C 



X 

Equalities (3.4), (3.11) and (3.12) imply 



^|;(z) = e^^i + f Gxddij = e^'^ + GxC^qi^), 



V 

i.e. t/j satisfies (3.5). From equality (3.5) and Proposition 3 ii) from [H2] we obtain that 
H — 1 = i/je~^^'^ — 1 G W^'^{V) and ^{j is the Faddeev type function associated with q. 

Lemma 3.3 is proved. 

The uniqueness of solution of equation (3.3) in C{bX) follows now from Lemma 3.3 
and the uniqueness of the Faddeev type function associated with q proved in 
Proposition 1.1. 

Proposition 3.1 is proved. 

Proposition 3.2 (Reconstruction of -i/'lT^ through V^I.t^) 

In conditions of Propositions 1.1, 1.2 the following properties for " 9-scattering data 
6(A)" permit to reconstruct ip\^ through V'l^x 

yz*ebX3 ;im |e-^^-^||(.. A) '^' 6(A) = ^{z* , X)-'^{z*,X), 

\/ z E X function A i-^ i^{z, A), A G C, is a unique solution of the integral equation 

V'(^,A) =e^- - -i. / 6(0e(^-^)-V'(e,A)-^^''^^" 



27rz J ^^' ^'^' ' ^-A 
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This proposition is a consequence of Propositions 2.1-2.3. 

Proposition 3.3 (Reconstruction formulas for a) 

Conductivity function a | ^ can be reconstructed through Dirichlet-Neumann data by 
the R.Novikov's scheme: 

DJN data — > VL^- ^ o — scattermg data -^ w\v ~^ ^~ v 

IbA I A y^ I A 

The last step of this scheme one can reahze by any of the following formulas: 

A AC rz 
A) ^—^{z) = {dd'il^{z, A))V'"'(^, A), zeX, \e C, 



B) ^^^^^{z) = 2i lim Xe-^'^dzi A a^(z, A), z e X, 



O A^oo 



C) 7=^ (-2) = -2z hm — 7 N 7 -2 e X. 

^ A^o //(z, A) 



Proof 

The first three steps of the scheme above were done in Propositions 3.1, 3.2. The 
formula A) is an immediate consequense of equation (3.1). The formula B) follows from 
equation d{d + Xdzi)n = | — 7=^ A* (Proposition 1.2a) and estimates // — * 1, A -^ 00 

(Proposition 1.2b), ddn{z,X) -^ 0, A — *> 00 (Proposition 1.2e). The formula C) follows 
from the same equation and estimates ||^|| = 0(y|A[), A ^ 0, (Proposition 1.2c). 
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